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The nonlinearity of the parameter relations for the Shinnar–Le
Roux RF pulse design algorithm has induced to perform
a classification based on the features of the slice profile due
to the RF pulse. In the present paper a generalization of
the relation between the ripple amplitudes of the SLR B polyno-
mial and those of the slice profile is given. It allows generation of
RF pulses with better slice profiles and slightly reduced energy,
avoiding any a priori classification. The effect of our estimation
has been shown by generating several pulses by generalized esti-
mation of B polynomial ripples. In addition, their behavior has
been compared to that of analogous pulses generated by means of
the classification just mentioned. © 1998 Academic Press

The Shinnar–Le Roux (SLR) algorithm (1–5) reduces the RF
pulse design problem to the design of two polynomials:A and
B. Given a couple of polynomials, in fact, the SLR algorithm
permits their conversion into an RF pulse waveform. The
polynomialsA andB have to satisfy appropriate constraints in
order to optimally approximate the desired slice profile, whose
parameters—the passband and stopband edges, and the in-slice
and out-of-slice ripples—have to be specified.

Shinnar and Leigh (4) and Le Roux (5) proved the existence
of the polynomials and established a relation between them and
the magnetization vector. Because of the nonlinearity of such a
relation, it is impossible to perform a direct calculation of the
polynomials’ parameters (6). Therefore, an approximation is
required.

Based on experimental measurements, Rabiner and Gold (7)
obtained a set of empirical relations between the passband and
stopband edges, and the in-slice and out-of-slice ripples. For
this reason, the attention has been focused only on the estimate
of the ripple amplitudes (6).

Pauly et al. (6) carried out the approximation of ripple
amplitudes for five types of pulses: small flip angle,p/2
excitation,p inversion,p crushed spin echo,p/2 saturation. In
the Matpulse-1.0 implementation of the SLR algorithm, Mat-
son (8) performed a classification of RF pulses, based on the
RF types of Pauly, the flip angle, the initial orientation of the
magnetization vector, and the parameter of interest: transverse
or longitudinal magnetization.

Such a classification has more than one drawback. First, it
forces the performance of ana priori choice about the initial
magnetization vector and the parameter of interest. Further-
more, theB polynomial ripples are estimated only for those
five types of pulses. In all of the other cases, according to
the class of pulses, the same estimation is used, damaging
the quality of the slice profiles, especially for thep/2
excitation class.

In order to avoid any initial classification, we have per-
formed a generalization of the estimate of the relations
between theB polynomial and the slice profile ripple am-
plitudes, which allows generating RF pulses just by setting
their flip angle.

THE SHINNAR–LE ROUX ALGORITHM:
FORWARD TRANSFORM

In the Schro¨dinger representation, if the terms related
to relaxation time are neglected, the Bloch equation re-
duces to a rotation, which can be described through aspinor
(a, b).

Here

a 5 cos~f/ 2! 2 inzsin~f/ 2! [1]

b 5 2i ~nx 1 iny!sin~f/ 2! [2]

are determined by the rotation anglef and the rotation axis
n 5 (nx, ny, nz). The spin vector (a, b) satisfies the constrain
aa* 1 bb* 5 1.

After the application of an RF field and a magnetic field
gradient, the solution to the Bloch equation can be written as

SMxy
1

Mxy
1*

Mz
1
D5 S ~a*!2 2b2 2a*b

2~b*!2 a2 2ab*
2a*b* 2ab 1 2 2bb*

DSMxy
2

Mxy
2*

Mz
2
D , [3]

whereMz and Mxy 5 Mx 1 iMy stand for longitudinal and
transverse magnetization, and the superscripts1 and2 refer to
the magnetization after and before the application of the field
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(* denotes complex conjugation). If a sequence ofn pulses is
applied, the overall rotation can be represented as the product
of the n individual rotations.

Under the hard-pulse approximation, the RF pulseH1 is
made up ofn constant sampleH1,j with a durationDt. If a
piecewise RF pulse is combined with a field gradient whose
amplitude isG, the rotation parameters—flip anglefj and
rotation axisnj —can be calculated by

f j 5 2gDt Î |H 1,j|
2 1 ~Gx!2

n j 5
gDt

|f j |
~H1,x,j , H1,y,j , Gx! ,

whereg is the gyromagnetic ratio.
The SLR key hypothesis (4 – 6) is that it is possible to

separate the rotation due to the field gradient from the
rotation of the magnetization due to the RF pulse, if the flip
angle fj52gDt|H1,j| is small for everyj 5 1, . . . , n. At
every step, the overall rotation can be described by the
product of the two spinors (z, 0), for the field gradient, and
(Cj, Sj), for the RF field:

~ z, 0! 5 ~eigGxDt, 0!

~Cj , Sj ! 5 ~cos~f j / 2!, iei~u1,j !sin~f j / 2!! .

The angleuj stands for the phase ofH1,j.
The net effect of the sequence (Cj, Sj )( z, 0)(Cj21, Sj21)

( z, 0). . .(C0, S0)( z, 0) is represented by the spinor (aj, bj )
that can be iteratively calculated by

Sa j

b j
D 5 S Cj 2S*j

Sj C*j
DS z1/ 2 0

0 z21/ 2 DSa j21

b j21
D .

The replacement ofaj andbj with

Aj 5 z2j/ 2a j [4]

Bj 5 z2j/ 2b j [5]

allows the description of every spinor by a couple of (j 2

1)-order polynomialsAj and Bj which satisfy the constraint
| Aj ( z)|21|Bj ( z)|251 for everyj 5 1, . . . ,n.

The spin vector (a, b) in Eq. [3] can be considered the result
of the overall rotation, so it can be represented by the couple of
polynomialsAn andBn. The solution to the Bloch equation then
becomes

SMxy
1

Mxy
1*

Mz
1
D5 S z2n~A*n!

2 2znBn
2 2A*nBn

2z2n~B*n!
2 znAn

2 2AnB*n
2z2nA*nB*n 2znAnBn 12 2BnB*n

DSMxy
2

Mxy
2*

Mz
2
D . [6]

ESTIMATE OF B POLYNOMIAL RIPPLES
BY MEANS OF A CLASSIFICATION

The nonlinearity of the relation between the parameters of
the B polynomial1 and those characterizing the slice profile
(see Eq. [6]) especially influences the relations between the
ripple amplitude inB—d1 (in-slice) andd2 (out-of-slice)—and
the effective slice profile ripples—d1

e andd2
e.

Pauly et al. (6) derive the relations between theB poly-
nomial ripple amplitudes and those characterizing the slice
profile for five types of pulses, combining the choice of the
flip angle with appropriate initial magnetization and corre-
sponding parameter.

Table 1 summarizes such relations, from now on called
standard.

Matson (8) calculates the SLRB polynomial ripples for
every pulse, whose flip angle runs from 0° to 230°, using a
classification based on a ‘‘reference’’ flip angle. Every RF
pulse whose tip angle is in the range [45°, 135°], for
instance, is classified as a ‘‘p/2 excitation’’ pulse. That
means that the ripple amplitudes in theB polynomial are
calculated using the relation Paulyet al. derive for a 90°
pulse, whatever the flip angle in [45°, 135°] is.

The implication is that the slice profiles simulated by using
the pulses thus generated are not optimal.

GENERALIZED ESTIMATE OF
B POLYNOMIAL RIPPLES

We assume, for computational aims, that the initial magne-
tization is at the equilibrium,M [ (0, 0, 1), and that the applied
RF pulse lies in thexy plane,n [ (nx, ny, 0).

Under such hypotheses, Eqs. [1] and [2] reduce to

a 5 cos~f/ 2! b 5 2i ~nx 1 iny!sin~f/ 2! ,

while Eq. [3] changes into

M xy
1 5 2a* b

M z
1 5 1 2 2bb* .

1 Henceforth, the subscripts will be used only if strictly necessary.

TABLE 1
Standard Relationships for Ripple Amplitudes

Pulse
Parameter of

interest d1 d2

Small-tip-angle Mxy d1
e d2

e

p/2 selective excitation Mxy Îd1
e/2 d2

e/Î2

p inversion Mz d1
e/8 Îd2

e/2

Crushed spin-echo Mxy d1
e/4 Îd2

e

Saturation Mz d1
e/2 Îd2

e
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From Eq. [5] we can write the Cayley–Klein parameterb as

b 5 zn/ 2B~ z!

and the amplitude of the transverse and longitudinal magneti-
zation as

|M xy
1 | 5 2|a* B | 5 2|cos~f/ 2!\B |

|M z
1 | 5 |1 2 2BB*| 5 |1 2 2|B |2|

5 5 ~1 2 2|B |2!, f { F0,
p

2G ø F3p

2
, 2pG

~2|B |2 2 1!, f { Sp

2
,

3p

2 D .

Neglecting the influence theB polynomial ripples have on the
cosine, the amplitude of the transverse magnetization depends
linearly on |B|. In contrast, the amplitude of the longitudinal
magnetization depends on |B| in a quadratic manner.

If we use |B|6dk (k 5 1 in-slice,k 5 2 out-of-slice) instead
of |B| the amplitudes of the transverse and longitudinal mag-
netization vector become

|M xy
1| 5 2|cos~f/ 2!\B | 6 2|cos~f/ 2!|dk

|M z
1| 5 5

1 2 2~|B| 6 dk!
2 < 1 2 2|B|2

6 4dk|B|, f { F0,
p

2Gø F3p

2
, 2pG

~2|B| 6 dk!
2 2 1 < 2|B|2 2 1

6 4dk|B|, f { Sp2 ,
3p

2 D
.

For the transverse and the longitudinal magnetization, the relation
between the effective ripple amplitudes of the magnetizationdk

e

and the B polynomial ripplesdk can therefore be written as

dkxy
e < 2|cos~f/ 2!|dk, dkz

e < 4|sin~f/ 2!|dk. [7]

In order to avoid choosing either the relations for the
longitudinal magnetization or those for the transverse mag-
netization, it is possible to considerweightedvalues adding
dkxy

e anddkz
e , each respectively multiplied by the fraction of

the transverse and longitudinal magnetization of the total
magnetizationM :

dk
e 5

|M xy|

|M |
dkxy

e 1
|M z|

|M |
dkz

e .

The magnetization is supposed to have unitary value; therefore,
the previous equations become

dk
e 5 |sin~f !|dkxy

e 1 |cos~f!|dkz
e . [8]

Replacingdkxy
e anddkz

e with the values in Eqs. [7] and assuming
that there is no reason to choose different values for theB
polynomial ripples according to the parameter of interest, Eq.
[8] changes into

dk
e 5 2dkS|sin~f!\cosSf2D| 1 2|cos~f!\sinSf2D|D. [9]

Equation [9] can be inverted

dk 5
dk

e

2S |sin~f !\cosSf

2D | 1 2|cos~f !\sinSf

2D |D ,

allowing the calculation of the appropriateB polynomial rip-
ples once the effective slice profile ripple amplitudes have been
set up.

RESULTS AND DISCUSSION

In order to compare the slice profiles calculated using the
standard classification to those designed using the generalized
estimate of the SLRB polynomial ripples, we generated two
series of RF pulses—one for each type of estimation—with a
duration of 3.072 ms and a bandwidth of 2 kHz, and with 1%
in-slice and out-of-slice effective ripple amplitudes. A third

FIG. 1. Comparison between linear-phase pulses calculated using gener-
alized (solid line) and standard (dash–dot line) estimate of the SLRB poly-
nomial ripples. Slice profiles due to 30° and 90° pulses are illustrated in (A)
and (B), while the slice profiles due to 180° pulse used both as inversion and
spin echo pulse are shown in (C) and (D).

262 RADDI AND KLOSE



series of generalized estimate pulses with the same duration
and bandwidth was generated with 5% out-of-slice ripple to
reduce the transition band in the slice profile. In all cases we
used 256 steps to divide the pulse length. If the pulses were
simultaneously applied with a field gradient of 4.7 mT/m, they
all excited a 10-mm slice.

In Figs. 1A–D, the slice profiles of linear phase [see (6–8)]
30°, 90°, and 180° pulses are compared. The 180° pulse was
used both as inversion pulse (initial magnetization at rest) and
as component of a spin-echo sequence (magnetization vector
lying along they axis).

Figures 2A and B show the comparison between two mini-
mum phase saturation pulses and two minimum phase inver-
sion pulses, respectively. Because of greater in-slice ripples,
the slice profiles due to generalized SLR pulse do not fit the
desired rectangular profile as well as those generated by stan-
dard SLR pulses.

Concerning the quality of slice profiles, the most interesting
results are obtained for pulses whose flip angles run from 50°
to 130°. As an example we compare the slice profiles of two
60° pulses (see Fig. 3).

In Tables 2 and 3 results concerning the percentage of
transition band and the connection between the input specifi-
cations (Req.d1

e and Req.d2
e) and the values actually obtained

(Act. d1
e and Act.d2

e) are summarized. Actual ripples have been
calculated as the maximum deviation from the value expected
in the desired slice profile.

In all cases, except saturation and inversion pulses, de-
creased in- and out-of-slice ripples have been found. The wider
transition band detected does not make the slice profiles due to
generalized SLR pulses unacceptable, the difference not being
greater than 17% (6).

The specified in-slice and out-of-slice ripples, together with
bandwidth and pulse length, determine the transition band: the
smaller the ripples are, the wider the transition band is. The RF
pulses whose simulated slice profiles were used in Figs. 1–3
were all generated with 1% in-slice and out-of-slice effective
ripple amplitudes. An exception is the linear phase 180° pulse
and the minimum phase saturation and inversion pulses calcu-
lated by using the generalized estimate for theB polynomial
ripples. They were generated with 1% in-slice and 5% out-of-
slice ripples.

In order to compare the behavior of pulses with same flip
angle, duration, and bandwidth, but with different values of
in-slice and out-of-slice ripples, we generated 90° linear
phase pulses with a duration of 3.072 ms and 0.5%, 0.1%,
0.05% and 0.01% ripples using both standard classification
and generalized estimate. The results are shown in Tables 4
and 5.

Standard 90° pulses with required ripples amplitude less
than 1% have nonequal out-of-slice ripples (256 samples were

FIG. 2. Minimum-phase slice profiles produced by 90° saturation pulse
(A) and by 180° inversion pulse (B). Generalized estimate (solid line), standard
estimate (dash–dot line).

FIG. 3. The performance of two linear-phase 60° pulses. The plot com-
pares |Mxy| for pulses calculated by using generalized (solid line) and standard
(dash–dot line) estimates.

TABLE 2
Standard SLR Pulses: Required, Actual Ripples

and Transition Band (TB) Percentage

Pulse Req.d1
e Act. d1

e Req.d2
e Act. d2

e TB

30° 1.0% 4.0% 1.0% 0.7% 32%
60° 1.0% 9.2% 1.0% 1.0% 23%
90° 1.0% 5.6% 1.0% 1.3% 23%
180° 1.0% 1.6% 1.0% 3.0% 28%
Saturation 1.0% 1.4% 1.0% 0.8% 20%
Inversion 1.0% 0.7% 1.0% 0.8% 27%

TABLE 3
Generalized SLR Pulses: Required, Actual Ripples

and Transition Band (TB) Percentage

Pulse Req.d1
e Act. d1

e Req.d2
e Act. d2

e TB

30° 1.0% 1.40% 1.0% 0.40% 37%
60° 1.0% 0.70% 1.0% 0.50% 40%
90° 1.0% 0.07% 1.0% 1.30% 35%
180° 1.0% 1.00% 5.0% 0.02% 37%
Saturation 1.0% 3.70% 5.0% 0.20% 21%
Inversion 1.0% 2.50% 5.0% 0.06% 29%
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used for the RF waveform) and the actual ripples are always
greater than the required one. This is more evident for in-slice
ripples. In case of non-equiripple pulses, the maximum
and minimum deviations from one and zero have been calcu-
lated. Generalized 90° pulses are equiripples and the actual
in-slice ripples are remarkably less than the required one.
Out-of-slice ripples are close to the design values. The cost is
a 12–27% wider transition band, which is considered to be not
too bad (6).

The pulses produced by a generalized estimate have a lower
value of the energy. In particular, pulses whose flip anglef {
[140°, 180°] have an even smaller peak power and shorter
Conolly wings.

In Figure 4A we compare the value of the power integral
for all three series of linear phase pulses; the percentage of
relative power integral is shown in Fig. 4B. For flip angles
running from 10° to 40° there is almost no decrease if both
1% in- and out-of-slice ripples are used and even an increase
(from 7% to 16%) if generalized 5% are needed. When the
flip angle runs from 50° to 130° there is a minimum 11%
and a maximum 28% reduction if both 1% in- and out-of-
slice ripples are used. There is still a reduction, but only
from 5 to 22%, if 5% out-of-slice ripples are required.
Finally, for flip angles running from 140° to 180° the
decrease changes from 21 to 27% for 1% in-slice and
out-of-slice ripples and from 14 to 17% when 5% out-of-
slice ripples are required.

In particular, the use of 90° generalized SLR pulses with 1%
in-slice and out-of-slice ripples yields a reduction of about 15%
in power integral, whereas using 180° generalized SLR pulses
with 1% in-slice and 5% out-of-slice ripples permits a reduc-
tion in the power integral of about 17%.

In Fig. 5, 180° pulse waveforms are compared. It is worth

noting that the Conolly wings of the pulse generated using the
standard estimate represent roughly 48% of the maximum
amplitude, whereas the pulse produced by means of general-
ized estimate has Conolly wings with only 9.4% of its maxi-
mum amplitude. Moreover, their peak amplitude is nearly 9%
less than that in the 180° standard SLR pulse. In general, for
pulses with flip angles running from 140° to 180° and 5%
out-of-slice ripples there is a mean reduction of 8% of the peak
amplitude.

CONCLUSIONS

The simulations we have performed have shown that it is
possible to use the pulses generated under the assumption
that the initial magnetization is at rest in every sequence (a
p pulse, for example, can be used both as an inversion pulse
and as a spin-echo pulse). Moreover, too wide a transition
band in the slice profile due to the use of the generalized
estimate can be avoided by increasing the desired out-of-
slice ripple amplitude.

The use of generalized estimate allows the avoidance of any
previous classification. It even provides pulses with better slice

FIG. 4. The power integrals calculated for linear phase pulses with dif-
ferent flip angles are compared in (A). Standard (1% out-of-slice ripples) and
generalized ripple amplitudes estimate (both in case of 1% and 5% out-of-slice
ripples) have been used. In (B) the percentage of relative power integral is
shown.

FIG. 5. Linear-phase 180° pulses. In (A) the pulse generated making use
of generalized estimate is plotted, while the pulse obtained by means of
standard ripple amplitude approximation is presented in (B).

TABLE 4
Standard 90° Linear Phase Pulses

Req.d1
e Act. d1

e Req.d2
e Act. d2

e TB

1.00% 5.6% 1.00% 1.3% 23%
0.50% 4.0% 0.50% max 1.80%2 min 0.70% 28%
0.10% 1.3% 0.10% max 0.60%2 min 0.20% 39%
0.05% 0.8% 0.05% max 0.35%2 min 0.10% 43%
0.01% 0.2% 0.01% max 0.10%2 min 0.02% 51%

TABLE 5
Generalized 90° Linear Phase Pulses

Req.d1
e Act. d1

e Req.d2
e Act. d2

e TB

1.00% 0.07% 1.00% 1.3% 35%
0.50% 0.2% 0.50% 0.66% 41%
0.10% 0.06% 0.10% 0.13% 56%
0.05% '0.001% 0.05% 0.04% 63%
0.01% '0.001% 0.01% 0.01% 78%
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profile than those of the standard SLR. These new pulses have
smaller out-of-slice ripples and, particularly if the flip angle
runs from 140° to 180°, smaller energy and smaller peak
power.
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